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Theory for Radial Jet Reattachment Flow

R. H. Page,* L. L. Hadden,| and C. OstowariJ
Texas A&M University', College Station, Texas

The flowfield that develops when a radial jet reattaches to a flat plate is analyzed. Both laminar and turbulent
flows are considered. A component analysis is used for the theoretical treatment. The jet flow component is modeled
with Schlichting's velocity profile for the laminar case and with Gortler's velocity profile for the turbulent case. The
influence of the nozzle exit geometry and the spacing between the radial jet and the flat plate is theoretically
determined. The pressure coefficient of the flow immediately below the radial jet nozzle, the flow reattachment
angle, and the flow reattachment radius are shown to be dependent on the nozzle exit radius, nozzle exit direction,
reattachment plate distance, and laminar or turbulent character of the flow. The equations for the theory are
derived, and graphical results are presented.

Nomenclature
b — nozzle width
Cp = pressure coefficient = pb - pj\p0 U0
J =jet momentum per unit perimeter
NR = nozzle exit Reynolds number = (pU0b/n)
pb = pressure immediately below nozzle
Pec = atmospheric pressure
Q = volumetric flow per unit perimeter
Rc — radius of curvature of jet path
R0 = dimensionless radial distance at nozzle exit with

respect to nozzle width, = r0 /b
RR = dimensionless radial distance at reattachment with

respect to nozzle radius, = rR \r0
r = radial distance from nozzle centerline
s = coordinate along jet path
t = tan/z (ayd/s)( turbulent)
t = tan/z [0.2752(//pv2)1/3 yd/s2/3](laminar)
u — local velocity in jet
x = axial distance from center of nozzle exit
y = coordinate perpendicular to jet path
A = dimensionless distance to reattachment plate in axial

direction with respect to nozzle radius, = xp /r0
st = virtual kinematic viscosity
9 = flow angle
\JL = viscosity
v = kinematic viscosity
p = density
a = similarity constant for slot jet mixing
Q = dimensionless distance to reattachment plate along

the jet path with respect to nozzle radius, = SR /r0

Subscripts
b = recirculation region
d — dividing or discriminating streamline location
o = nozzle exit
p = plate
R = reattachment
t — total (i.e., over the entire perimeter)
oo = atmospheric
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Introduction

A SUBMERGED radial jet, as the name implies,
represents an axisymmetric radial discharge of a fluid

into a free, unbounded atmosphere of the same fluid. Thus, it
is a jet that is produced in a radial manner as if it came from
a point, finite line source, or a finite cylindrical source. Over
the years the radial jet has received little attention in pro-
fessional literature. This is probably because the centerline
velocity of the jet decreases rapidly as the result of both the
mixing with the quiescent fluid and the radial expansion with
cross-sectional area increase. During the past few years, a
group at Texas A&M has taken a fresh look at the radial jet
because of interest in its ability to reattach on adjacent
surfaces and produce separated-flow patterns of practical
benefit.

The practical applications become apparent when one com-
pares the reattaching radial jet to the impinging cylindrical jet.
The impinging cylindrical jet usually develops a high-pressure/
high heat-transfer region near the centerline of impingement.
In contrast, the reattaching radial jet develops a low-pressure/
low heat-transfer area near the centerline of impingement but
develops a ring of high heat transfer1 over a somewhat larger
area. The combination of low pressure immediately below the
nozzle and a high heat-transfer ring leads to industrial appli-
cations in which enhanced convective heat transfer is impor-
tant. Obvious applications also exist in the field of air cushion
and VTOL vehicles.

The radial jet was studied by Squire2 over three decades
ago. Heskestad3 made detailed measurements in a turbulent
radial jet over two decades ago. Bourque and Rougier4 devel-
oped a component analysis approach to turbulent annular jet
reattachment over one decade ago.

The early theoretical studies by Squire2 and Schwarz5 uti-
lized the equations of motion with boundary-layer approxi-
mations for a laminar, incompressible, radial free jet.
Analytical expressions were drawn from both the velocity and
temperature distributions. Heskestad's3 experimental mea-
surements showed that the velocity profiles in the turbulent
radial jet exhibited similarity at various radial locations.
Rajaratnam6 compared the velocity distributions of fully de-
veloped flow of the Gortler- and Tollemien-types of solutions
with the experimental results of Heskestad. Later, Rodi7 used
a two-equation turbulence model to define the eddy viscosity
for an incompressible radial jet. Paully et al.8 used a standard
turbulence model to determine far-field similarity equations
for both plane and radial jets. Their results of velocity decay
rate, growth rate, and entrainment were found to be consis-
tent with the experimental radial free jet data of Tanaka and
Tanaka.9 Witze and Dwyer10'11 extensively studied free turbu-
lent radial jets, determining experimentally their spreading
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Fig. 1 Free radial jet.

rates, mean velocity profiles, and relative turbulence intensity
profiles. More recently, Wood and Chen12 presented turbu-
lence model predictions in addition to mean velocity profiles
for radial jets using a K-e turbulence model. All of this past
work dealt with a free radial jet. This paper is concerned with
the reattachment of a radial jet on a plane surface, i.e., a
radial jet that is no longer free but is strongly influenced by an
adjacent surface.

The theory presented here is based upon Borque and
Rougier's4 approach to the turbulent annular jet reattach-
ment. It includes a component analysis approach to the
laminar radial jet reattachment as well. A radial jet with no
surface in its vicinity is illustrated in Fig. 1. Figure 2 illustrates
a radial jet with a surface nearby. An overall schematic of the
radial jet reattachment is shown in Fig. 3. The plane of the
reattachment surface is normal to the centerline of the radial
jet delivery tube. The critical geometrical parameters are the
angle at which the radial jet leaves the nozzle, the radius of
the nozzle, the nozzle exit width, and the spacing of the nozzle
from the adjacent surface.

Experimental flow studies of a somewhat similar configura-
tion, where the radial jet was produced by a cylinder protrud-
ing from a flat surface, were carried out by Tanaka et al.13

Experimental studies of the flow, surface heat transfer, and
surface pressure distribution of the configuration shown in
Fig. 3 were conducted by Ostowari et al.,14 Ostowari and
Page,15 and Page and Ostowari.16

Fig. 2 Radial jet reattachment.

Fig. 3 Schematic of flow.

Flow Model
Figure 4 illustrates the flow model. An s, y coordinate

system is used for the jet where s is the curvilinear coordinate
that follows the centerline of the jet and y is the normal
coordinate. The angle that the s coordinate makes with the
horizontal continues to change up to reattachment. The flow
divides at reattachment with the mass that was mixed in from
the recirculation region being turned back toward the center-
line while the remaining mass flow is directed out away from
the centerline like an axisymmetric radial wall jet.

A local radius of curvature is indicated in Fig. 4. It varies
along the path of the jet from nozzle exit to reattachment.

The flow model is made up of various components that are
individually analyzed and merged together for the system
solution. The following assumptions are made relative to the
flow and its components:

1) There is incompressible flow.
2) The exit velocity from the nozzle can be represented by

a single value, U0.
3) The pressure in the recirculation region, pb, is constant.
4) The jet width is small compared to the radius of curva-

ture of its path and the distance to the radial centerline.
5) Total jet momentum is conserved along the path. There-

fore, the momentum per unit perimeter varies with the radius
of the jet.

6) The flow at reattachment is essentially two-dimensional,
since the jet is thin and the reattachment occurs in a thin layer
along the adjacent plate. Furthermore, the velocity profiles of
the reverse flow and outward radial flow are assumed to be
similar to the parts of the jet profile immediately before the
reattachment.

7) For turbulent flow, the jet velocity profile and mass
entrainment are given according to Gortler's two-dimensional
free jet theory.

8) For laminar flow, the jet velocity profile and mass
entrainment are given according to Schlichting's two-dimen-
sional free jet theory.

It has been found experimentally14 that the pressure in the
recirculation region is constant for most geometrical condi-
tions and is, of course, less than the surrounding ambient
pressure (i.e., atmospheric pressure). It has also been found
from flow visualization studies17 that the reattachment of the
radial jet takes place in a perfectly symmetrical ring with
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radial inflow toward the centerline and radial outflow away
from the centerline. There was no evidence of variations in the
angular directions. Thus, it is appropriate to use a flow model
such as that shown in Fig. 4 for the entire region, with the
assumption of symmetry around the centerline.

Development of Laminar Theory
In practice, the flow becomes turbulent. Nevertheless, it is

instructive to develop the laminar theory, since it provides
theoretical limits and the turbulent theory is developed in a
very similar way. Schlichting's18 solution of the two-dimen-
sional laminar jet is utilized. The velocity profile in the s
direction was shown to be

u = 0.4543{72/p2v1s)2 2 1 / 3

where

The volume flow per unit perimeter is

Q f00
1 = 2 u dy = 3.

Jo

The rate of entrainment is

— = 1.1005(/v/p)1/3Cs)-2/3

ds

The conservation of the total jet momentum yields

J2nr = J0 2nr0

or

(i)

(2)

(3)

(4)

where
J0 = pQ2

ot/b(2nr0)2

(5)

(6)
The equation of motion in the y direction relates the pressure
difference across the jet to the local radius of curvature of the
streamlines. Thus,

Since the pressure difference is assumed to be constant and the
unit jet momentum varies, the radius of curvature of the path
must also vary. Introducing the pressure coefficient and Eq.
(5), Eq. (7) becomes

> (8)

The rate of entrainment in terms of the total volumetric flow
is found from Eqs. (4-6):

I1/3

Since Qt = 2nrQ, Eq. (9) may be rewritten in dimensionless
form as

The dimensionless jet path coordinate s/r0 is expressed in
terms of dimensionless total volume flow from Eq. (3):

I2/3

0/3.3016)2 (11)

Substituting Eq. (11) into Eq. (10) yields

Equation (12) is prepared for integration by introducing the
angle 0(ds = Rc d0) and Eq. (8). Then,

(13)
ot ot

Equation ( 13) is integrated from the radial jet exit to a station
along the jet path, yielding

(QtlQotY = 1 - 71.9764(0 - 90)(2nrv/CpQot) (14)

The location of the dividing streamline is found from its
definition,

r+w
ot = 2nr \ u (15)

the velocity profile of Eqs. (1) and (2), the conservation of
momentum of Eq. (5), and the path coordinate of Eq. (11) as

f / J V/3

0.2752(4)L \PV2J
where

The momentum equation at reattachment is
50

pu2 dy cos0 =
f+°° ry

= pu^ay-l
Jyd J-

(16)

(17)

pu2dy (18)

\

Fig. 4 Flow model geometry. Fig. 5 Jet centerline geometry.
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which with Eqs. (3) and (17) becomes

cos0=(3f/2)-(/3/2) (19)

The geometry of the jet path is to be determined in terms of
jc, r, and 9. From Fig. 5 it can be seen that

(20)

(21)

(22)

Equations (20-22) can be integrated along the path by using
Eq. (8) with the following results:

(r/r0)2 = I - 4b(sin0 - sm00)/Cpr0

s = -2b Ce d0
r0 Cpr0 }e0 (r/r0)

x = -2b Ce sin0 d(
r0 CpVo }e0 (r/r0)

(23)

(24)

(25)

A set of equations sufficient to determine the flow structure
now exists by using the total volume flow (14), the dividing
streamline (17), the momentum balance (19), and Eqs. (23-
25) identifying the path line location. For convenience they
are repeated here in dimensionless form with the Reynolds
number introduced:

0* - 00)

1 1/3

ydl °~ 0.2752 \N2
RR0;

cos0R = (3tR/2)- (4/2)

R2
R=\-4(8^0* - sin®0)/R0Cp

d0

i __ ___ I _
p ° JQo ^

_ -2 [0* sin0
' == ~f-i———— I —————

(26)

(27)

(28)

(29)

(30)

(31)

Development of Turbulent Theory
Using the same flow model as that used for the laminar

case, a turbulent jet mixing component is introduced. Follow-
ing the approach of Bourque and Rougier,4 we utilized
Gortler's19 two-dimensional jet mixing solution. This intro-
duces the empirical constant a, which is also called the spread
parameter or similarity constant. Values for the spread
parameter have been determined experimentally by many
investigators. They range from 7.67 obtained by Reichardt20

to 15 obtained by Sawyer.21 The velocity profile is represented
by the following equation:

(32)

(33)

(34)

(35)

where

77 = 07/5

The volume flow per unit perimeter is

Q = \.132(J/P(r)l/2sl/2

The rate of entrainment is

ds
.-1/2

Using Eq. (6) for the conservation of total jet momentum, the
rate of total entrainment becomes

^ = 0.8660(r/ab) l/2(s/r0) ~l'2 d(s/r0) (36)

Equation (34) is expressed in terms of ra and total flows as
1/2 a (37)

Equation (37) is substituted into Eq. (36), which yields

Qo, Qo,
(38)

The geometrical relation ds = R d9 and Eq. (8) simplify Eq.
(38) to

(39)

Equation (39) is integrated to provide the following volume
flow equation for the turbulent radial jet:

(40)

The equation that identifies the dividing streamline is derived
in the same manner as for laminar flow and is given by

(41)

The equation relating t and 0 is again obtained by the
momentum balance equation and is the same as Eq. (19).

The equations describing the geometry of the turbulent flow
radial jet are the same as for the laminar flow, i.e., Eqs.
(20-25). Thus, it can be seen that the equations for the
turbulent flow are very similar to those for the laminar theory
with the exception of the volume flow equation and the
equation for the dividing streamline location. The characteris-
tic parameter for the turbulent flow equations is the spreading
parameter a, whereas the characteristic parameter for the
laminar flow equations is the nozzle exit Reynolds number.

Results from Theory
A computer program was developed to solve simulta-

neously the components of the theoretical analysis. The inte-
grals present in the reattachment distance equations were
solved by numerical integration using a 32-point Gauss
quadrature formula. The pressure coefficient, reattachment
angle, and reattachment radius were chosen as the dependent

\A= 0.5

-30 -20 -10 0 10 20 30

Nozzle Exii Direction, Thela0

Fig. 6 Laminar pressure coefficient (R0 = 8, NR = 10).
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Fig. 7 Laminar reattachment radius (R0 = 8, NR = 10).

100 1000 10000 100000

Nozzle Exit Reynolds No., NR

Fig. 8 Laminar reattachment angle (R0 — 8, 00 = 0).

variables. The formulation for the laminar case is summarized
functionally as

P = CP(00,R0,NR,&)

0R = 0R(00,R0,NR,£)

R = RR(009R0,NR,A)

(42)

(43)

(44)

The formulation for the turbulent case is summarized func-
tionally as

Typical theoretical results are shown in the following
figures. Figures 6-8 were derived from laminar flow calcula-
tions. Figure 6 illustrates the strong influence of the radial
nozzle exit angle on the pressure coefficient. It should be
recalled that positive nozzle exit angles indicate that the radial
jet is turning toward the reattachment plate. Also note that, as
one would expect, the spacing between the radial nozzle and
the plate has a strong influence on the pressure coefficient.
Figures 6 and 7 were calculated for a nozzle Reynolds number
of 10. Figure 7 illustrates the dependence of the reattachment
radius on the nozzle exit distance. It is, of course, a linear
relationship for a fixed nozzle exit angle. Figure 8 was calcu-
lated for a dimensionless nozzle radius of 8 and an initial
radial jet angle of 0 deg. The nozzle exit Reynolds number is
shown on a logarithmic scale. In practice, such large Reynolds
numbers would be impossible to obtain before transition
occurred. Nevertheless, this figure serves to show the theoret-
ical limit that as the Reynolds number approaches infinity

-30 -20 -10 0 10

Nozzle Exit Angle, Theta0

Fig. 9 Turbulent pressure coefficient (R0 = 8, a = 10).

-10 0

Nozzle Exit Angle, The

Fig. 10 Turbulent reattachment radius (R0 = 8, a = 10).

Nozzle Exit Radius, R0

Nozzle Exit Distance, Delta

Fig. 11 Turbulent reattachment angle (Q0 = 0, a = 10).

(and thus the viscosity approaches zero), the reattachment
angle must return to 0 deg, since the viscous effects are
disappearing.

Figures 9-11 were calculated for turbulent conditions. In
all cases, Gortler's similarity parameter a was set equal to 10.
Figures 9 and 10 were determined for a dimensionless nozzle
radius of 8. Figure 9 shows the strong effect of the nozzle exit

Table 1 Comparison of experiment with theory

Geometry

®0

-10
0
0
0
0

10
10

RO

18
18
18
6
6
9
9

A

0.50
0.25
0.50
0.50
1.00
0.50
1.00

Experiment

CP

-0.023
-0.056
-0.025
-0.064
-0.031
-0.041
-0.022

RR

1.99
1.56
1.81
1.91
2.76
1.72
2.41

Theory

CP

-0.046
-0.078
-0.050
-0.080
-0.048
-0.061
-0.040

RR

2.16
1.55
1.94
2.21
3.04
1.91
2.55
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6.0

3.0 -

0.0

Theory

Experiment

0.0 0.5 1.0 1.5
A

Fig. 12 Turbulent reattachment radius (theory and experiment).

angle and reattachment plate spacing on the pressure co-
efficient. It can be observed that slightly positive exit angles
give the minimum values for the pressure coefficient. Figure
10 illustrates the effects of the exit angle on the reattachment
radius. Figure 11 was calculated for a fixed exit angle of 0 deg
and illustrates the strong turning that takes place in the radial
jet. The reattachment angles are plotted vs the spacing be-
tween the plate. Note that even small values of plate spacing
A produce rather large reattachment angles. The theoretical
results for the turbulent case have been shown22 to be in good
agreement with our experimental data on pressures and reat-
tachment locations of reattaching radial jets.

Table 1 illustrates the agreement between theory and our
1988 experiments with varying initial angle of the radial jet.
The theory was calculated with a = 24, a value sometimes
used for curved-slot jets. The theory predicts the trends
correctly, but the pressure coefficients have a large disparity
when R0 is large. Figure 12 illustrates the good agreement of
the 1988 data with the theory for the location of the reattach-
ment radius.

Conclusions
A theory has been derived for the laminar and turbulent

flow calculation of the flowfield that develops when a radial
jet attaches to an adjacent flat surface that is normal to the
centerline of the radial jet. The theory permits the determina-
tion of the low pressure in the region immediately below the
radial jet as well as the geometry of the reattachment. Signifi-
cant curvature of the reattaching jet is predicted.
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